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Abstract-The dynamic behavior of cross-ply laminated plates under cylindrical and/or planar
bending is considered. The m~thodology introduced in Part I is extended for treating the transverse
vibration of laminated plates. The solution for a simply-supported plate at two ends is obtained.
Natural frequencies and the corresponding stress distribution for several cases are presented. Also,
we employed a new procedure for finding the exact natural frequencies and the corresponding
stresses based on the elasticity solution presented by Jones (1970). The proposed procedure sig
nificantly increases the capability of the elasticity solution and eliminates most of the problems
experienced by the previous researchers in the application of the solution for higher modes and
multi-layer laminates. The comparison of the results obtained by the introduced method and the
elasticity solution validates the integrity of the introduced method. The results are also obtained by
finite element method and one of the higher-order laminated plate theories. The investigation shows
the inadequacy of the higher-order theory in predicting the stresses. Also the results obtained by
finite element method show that by increasing the mode number ofvibration, to obtain a satisfactory
result, a finer mesh is necessary. Furthermore, the shear stresses at the interface at two adjacent
layers are more likely to be inaccurate. © 1998 Elsevier Science Ltd.

FORMULATION

Following up of the work done in Part I (Jalali and Taheri, 1998), we apply the assumption
of the through-the-thickness inextensibility to the transverse vibration of cross-ply lami
nated plates. A short review of the literature has been given in part I of this work, therefore,
here we only proceed with the application of the introduced method. In the previous work
we used the engineering strain, Yxz and Yyn for developing a displacement field through the
thickness of the plate. We showed that:

aw rz

u = -z ax +uo+ Jo Yxz dz (I a)

(Ib)

where u and v are the in-plane displacements in the x- and y-direction, respectively, and w
denotes the out-of-plane displacement in the z-direction. Also, Uo and Vo refer to the
corresponding in-plane displacement at z = O. The Cartesian coordinate system is adopted
and; as shown in Fig. I, is constructed on the center line of the laminate at x = 0, Also, a
local coordinate is defined on the center line of each layer, Since we are only concerned
with the variables in the x-direction, for simplicity, we omit the subscripts. Therefore, (J

and e are the stress and strain in the x-direction and 't' is the through-the-thickness shear
stress in zy plane, respectively. The laminate is simply-supported at two ends, Therefore,
the boundary conditions at two ends are defined as:

1575



1576

h

S. J. Jalali and F. Taheri

z
~
I
I I I

1 1 1 _ Z;

t= :: n '~+1
~-- n-H--'n- nn_ ~fE-->x
§
I ~fT- 3 il i;

I i 2 ---------,1. 1
...:... --------,1

~ i L .1
Fig. I. The coordinate systems of laminates.

{
w = 0

x=OL
, (Ji = 0, i = 1,2, ... ,n,

(2)

where subscript i indicates the layer number and n is the total number of layers. The
constitutive relationship within each layer for the cylindrical and planar bending can be
simplified in the following identical form :

(J = Ee

't' = Gy, (3)

where G and E are the corresponding shear modulus in zy plane and the longitudinal
stiffness in the x-direction, respectively. In the case of beam type problem (planar bending)
the longitudinal stiffness is equal to the modulus of elasticity in the x-direction. However,
for cylindrical bending it is equal to:

(4)

where E and v are the elastic modulus and the Poisson's ratio of the layer and subscripts I
and 2 refer to the x- and y-direction, respectively.

The first derivative of eqn (1a) with respect to x gives the longitudinal strain, e.
Multiplying the result by longitudinal stiffness, we can find the longitudinal stress of each
layer as

(5)

The equilibrium condition in the x-direction is :

(6)

where p is the mass density of the layer. Substituting eqns (1a), (3) and (5) in eqn (6) gives

The differential equation (7), in case of free vibration, has two types of solutions. The
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solution depend on the value of w. For w = 0, eqn (7) leads to two different kinds of
longitudinal type vibrations. However, for w '# 0, we will reach the solution of transversal
vibration. In this paper, we will concentrate on addressing the problem of transversal
vibration. In this case the solution of eqn (7) has the following form :

where

w = Wo sin(px) sin(wt)

q = qo sin(px) sin(wt)

'j = B,cos(px) sin(wt)

U? = Cj cos(px) sin(wt),

mn
P=y'

(8a)

(8b)

(8c)

(8d)

and m and w denote the vibration mode number and the corresponding frequency, respec
tively. B j is a function of 2j, but Wo and Cj are constants. Substituting eqn (8) in eqn (7) leads
to:

dB
( 2) ( 2) E ( 2) i'3 (JjW 2 PjW j 2 PjW -i

-= -zEwoP 1-'- +cE.p 1-- +-P 1--- BdZ.
d - I I (;I 2 I I - 2 G E 2 I I

Zj L,p EiP j ;p 0

(9)

Equations (8) satisfy tht: boundary conditions for the simply-supported plate at its
two ends.

Recognizing eqn (8c) the boundary conditions on the bottom and top of each layer
are defined as :

or

,r = 'j- cos(px) sin(wt)

,J = ,t cos(px) sin(wt),

Bj ( -ii;/2) = 'j
Bj ( +ii;/2) = ,t.

(lOa)

(10b)

Using the Laplace transformation and applying the boundary conditions at Zj = ±ii j/2,
we can find the solution of the above differential equation. That is :

(1la)

where

C j =
+ 'j -'i

sinh(jPth;/2) ,
(11 b)
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(12)

Substituting eqns (11) and (8) in eqn (5), one can obtain the relation for longitudinal stress.

[

WOP sinh(ft,z;) (rt +rj-) sinh(ft,zj) ]

_ J~ cosh(ft,ii,/2) - 2G,ft, cosh(ft,ii,/2). .
(Jj = pE, + _ 10_ sm(px) sm(wt). (13)

(
r j -r, ) cosh(y PiZj)

2Gi ft, sinh(ft,ii;/2)

Substituting eqn (11 a) in eqn (8c) and integrating over the thickness gives the corresponding
shear force of each layer. The shear force at any section of the laminate is equal to the sum
of the shear forces of individual layers. Moreover, the sectional shear force is related to the
inertia force by the following relations:

dV
dx = -q, (14a)

and

a2 w
q= -m-, (14b)at2

in which V and m are the shear force at the section and the distributed mass of the plate,
respectively. The above statements can be written in the mathematical form by

n rt +r j- 10- n [_ 2 - ] womolL ft, tanh(y pjh;/2) +woPL Gi hi - 10 tanh(ft,h;/2) = --.
,=1 pj 1=1 Y Pi P

(15)

The longitudinal displacement of each layer is found by substituting eqns (11) and (8)
in eqn (la) as:

For oscillatory type problems, stresses and displacements at any point are proportional
to the amplitude of vibration. Taking Wo as the amplitude of vibration, all the other variables
can be written as a ratio of woo Since the frequency is independent of the amplitude of
vibration, we can arbitrarily take Wo = 1. For a laminate consisting of n layers, there are
n - 1 unknown shear stresses at the interface of adjacent layers and also one unknown
frequency. Enforcing the compatibility condition at the interface of adjacent layers by
equating the corresponding longitudinal displacements from eqn (16), gives n - 1 equations.
These equations along with eqn (15), will produce a sufficient number of equations to solve
for the n unknowns.. However, one should remember that the elements of the coefficient
matrix are a function of frequency and, therefore, the solution of the simultaneous equations
needs some extra consideration. The last term in eqn (12) represents the effect of rotary
inertia. The value of this term comparing to unity is always small and has little effect on
the solution. However, a fast convergence can be obtained when an iteration m(~thod based
on updating w in eqn (12) is adopted. For the first iteration the effect of rotary inertia can
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be neglected. Two or three iterations will be sufficient for convergency. As it will be shown
later, the final result is very close to the result of the first iteration, and for the practical
purposes there is no need to include the effect of rotary inertia. Knowing the interfaces'
shear stresses and the frequency of vibration, the calculation of stresses are straightforward
by using eqns (lla) and (13).

For unidirectional laminates consisting of only one type of layer the solution is
simplified as follows:

w 2 = p
2
G [1- tanh(flhI2)],

P flhl2

p2E sinh(flz)
(J = Wo ID x ID sin(px) sin(wt),

y f3 cosh(y f3hI2)

[
cosh(flz) ]

r = woGp 1- ID cos(px) sin(wt).
cosh(y f3hI2)

(17)

(18)

(19)

Exact solution
The exact elasticity solution for cross-ply laminate was given by Jones (1970). He had

the problem of the complexity of the procedure when the number of layers became mod
erately large and, therefore, his work was limited to two-layer plates. Kulkarni and Pagano
(1972) had the same problem for angle-ply laminates and their work was limited to five
layer plates. Furthermore, the accuracy of both solutions diminished as larger mhlL ratios
were considered and, therefore, they limited their work to mhlL < I and mhlL < 1.2,
respectively. In order to be able to verify the integrity of the method presented in this paper
it was necessary to have the results of the exact solution for much wider range. For this,
we have employed a new procedure for finding the exact natural frequency and the stress
distribution of the laminates. The procedure is based on the solution given by Jones (1970)
and is discussed below.

The displacement functions of each layer in the x- and z-directions can be written in
the following form:

where

and

[~' (dill +e) ,] .)Ui = L, A j --,- exp(Ajz;) cos(px) sm(wt ,
"=1 CAj

_ !_C2-ae-bd±j(c2+ae+bd)2 -4bead
Il- ± 2ad '

a = R 66 = Gxz , b = pW
2
_p

2R 11 ,

(20a)

(20b)

(21)

R 1], R33 and R 13 are the stiffness coefficients of material in plane strain condition where
subscripts I and 3 denote the x- and z-direction, respectively. There are four unknowns (as
denoted by A) for each layer in the above equations. The stresses are:
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(22a)

(22b)

(22c)

Equations (20) and (22) satisfy the boundary conditions at two ends of the plate, as
expressed by eqn (2). There are also eight other boundary conditions for each layer, which
are u, w, ayand t xz at the top and bottom of each layer. Equating these boundary values of
each layer to the corresponding values of the adjacent layers gives 4n linear equations in
which the values of A are unknown. In the absence of any external load, the right-hand
side of all the equations is zero. Therefore, to obtain a nontrivial solution for this set of
simultaneous equations, it is necessary that the determinant of the coefficient matrix to be
equal to zero. The elements of the coefficient matrix are a function of w2 and for a certain
values of w2 the determinant of the matrix will become zero. However, since the relations
between the elements ofcoefficient matrix and w2 are in trigonorneric and hyperbolic forms,
the usual methods for the eigenvalue problems cannot be used in here.

To obtain the values of w, we employ a trial and error procedure. The procedure
requires an initial value for w, and calculates the determinant of the coefficient matrix. To
make the determinant equal to zero, at each iteration the value of w is corrected until the
values of w from two iterations are quite close. It has been observed that the success of the
procedure is strongly dependent on the initial value of w. The procedure will converge to
the exact value of w, as long as the initial value is not too far from its exact value. For this
purpose, the w values obtained from the method developed earlier in this paper have enough
accuracy, and can be: used as the initial values for the procedure.

Higher-order laminated plate theory
The higher-order laminated plate theory (HLPT) presented by Reddy (1989) is con

sidered in this part. To keep the formulation as simple as possible, in this part we only
discuss the symmetric laminate. Readers should note, however, that there is no limitation
for the application of either of the methods (i.e. the method presented in this paper or
HLPT), for unsymmetric laminates. The displacement field in HLPT is as follows:

U = uo+z[~x-~GY (~x+ ~:)J

v= vo+z[~y-~(~Y (~y+ ~;)J

(23a)

(23b)

These equations can easily be found by assuming a parabolic distribution of shear strain
through the thickness of plate and substituting in eqn (I). For cylindrical and/or planar
bending the constitutive relationship and the equilibrium equations are the same as eqns
(3) and (6), respectively. The solution of the problem with boundary conditions expressed
by eqn (2) is in the following form.

W = Wo sin(px) sin(wt)

~x = ~o cos(px) sin(wt). (24)

Substituting these equations in eqn (23a) and recalling eqn (14), one obtains the following
equation for symmetric laminates:
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(25)

where

f

hl2 fhl2
D II = Ez2 dz, F II = Ez4 dz,

-h12 -h12

f

hl2 fhl2
Ass = G dz, D ss = Gz4 dz,

-h12 -h12

f

"/2 fhl2
10 = m= pdz, II = pz2 dz,

--hI2 -h12 f
hl 2

12 = pZ4 dz.
-h/2

The natural frequency of th(~ plate, hence can be found from eqn (25). The axial stress in
the x-direction is obtained directly by multiplication of the axial stiffness by the first
derivative of u with respect to x. That is:

where

- [ 4 (Z)2 2 ]
(Jj = zEj -PCfJo + 3" h (PCfJo +p ) , (26)

(27)

However, the through-the-thickness shear stress is obtained by substituting eqn (26) in
equilibrium equation (6). This procedure leads to the following equation for the shear
stresses of two different points in the same layer:

(28)

To calculate the shear stresse:s, it is necessary to start from the outer most layers, where the
shear stress at top or bottom of the layer is zero, and proceed to the adjacent layers.

NUMERICAL RESULTS

In this part we verify the integrity of the proposed method. Natural frequency and the
modal stresses of different laminates are obtained and the results are compared with the
results obtained by the exact elasticity solution (Jones, 1970), the higher-order laminated
plate theory (HLPT) of Reddy (1989) and the finite element method (FEM) (NISA II,
1995). Four configurations of layup, as described below are considered:

(Case I) unidirectional laminate with the fibers oriented in the x-direction (0 0 laminate);
(Case 2) laminate composed of five layers with equal thickness [0/90/0/90/0] ;
(Case 3) laminate composed of to layers with equal thickness [(O/90/0/90/0h];
(Case 4) laminate composed of 20 layers with equal thickness [(O/90)S]8'
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In all cases, we assume that the laminate has total thickness of 2 mm and the span length
is 20 mm. Also, we assume the properties of the layers are as follows:

EL = 174.6 GPa, ET = 7 GPa,

GLT = 3.5 GPa, GTT = 1.4 GPa,

VLT = VTT = 0.25, P = 1700 kgm- 3
, (29)

where Land T are the directions parallel and normal to the fibers, respectively.
The finite element methods were constructed by using quadratic 8-noded plane strain

elements. Half of the beam was considered and, therefore, the results could not carry the
transverse vibration with even mode numbers. Accuracy and the convergent of FEM
analysis were examined by considering four different mesh schemes. The specifications of
the mesh schemes an: tabulated in Table 1.

The natural frequencies of the laminates for the first 50 mode shapes were obtained by
using the above-mentioned different methods. Part of the results for laminate cases 1 and
4 are presented in Tables 2 and 3, respectively. The results show a very good agreement
between the results of the present method and those of the exact values. The convergence
of the results obtained by the FEM to the exact values also confirms the procedure used in
conjunction with the exact solution (Jones, 1970) for obtaining the exact frequencies. The

Table I. The specification of FEM mesh schemes

Mesh scheme designation No. of elements in depth No. of elements in half span Element size mm

FEMI
FEM2
FEM3
FEM4

4
10
20
30

20
50

100
150

0.5 x 0.5
0.2 xO.2
0.1 x 0.1

0.06667 x 0.06667

Table 2. Frequencies (rad S-I) obtained by different methods for case I

Present method Present method
Mode with rotary without rotary
no. inertia effect inertia effect Elasticity FEM2 FEM4 HLPT

1 1.1817 x 10' 1.1839 X 10' 1.1820 X 105 1.1820 X 10' 1.1820 X 10' 1.18 X 10'
5 1.0195 X 106 1.0205 X 106 1.0192 X 106 1.0192 X 106 1.0192 X 106 9.89 X 105

9 1.9234 X 106 1.9244 X 106 1.9218 x 106 1.9218 X 106 1.9218 X 106 1.83 X 106

15 3.2768 x 106 3.2778 X 106 3.2731 X 106 3.2731 X 106 3.2731 X 106 3.07 X 106

21 4.6296 x 106 4.6306 X 106 4.6235 X 106 4.6242 X 106 4.6235 X 106 4.31 X 106

27 5.9821 x 106 5.9832 X 106 5.9737 X 106 5.9761 X 106 5.9737 X 106 5.55 X 106

Table 3. Frequencies (rad s- I) obtained by different methods for case 4

Present method Present method
Mode with rotary without rotary
no. inertia effect inertia effect Elasticity FEM3 HLPT

1 9.03695 x 10' 9.05305 x 10' 9.03906 X 10' 9.0391 X 10' 9.31 X 10'
5 7.74073 X 10" 7.74638 X 105 7.74105 X 10' 7.7412 X 10' 8.17xl0'
9 1.46280 x 10" 1.46344 x 106 1.46264 x 106 1.4628 X 106 1.52 X 106

15 2.50962 x 10" 2.51078 X 106 2.50925 X 106 2.5111 X 106 2.55 X 106

21 3.58073 x 10" 3.58277 X 106 3.58043 X 106 3.5878 X 106 3.58 X 106

27 4.67324 x 10" 4.67630 X 106 4.67312x 106 4.6910 x 106 4.61 X 106
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Fig. 2. The normalized frequencies with respect to the values of exact solution.

results of the HLPT are not as accurate as the other methods. In Fig. 2, the frequencies
obtained by HLPT and the present method have been normalized to the exact values. For
laminate case 2, the procedure developed to obtain the exact values, did not converge to
the exact values for mhlL > 4.5 and, therefore, the corresponding curves were terminated
at this point. As shown in this figure, for two more practical cases (cases I and 4), the
results of the present method are practically identical to the exact values. However, the
error from HLPT for all cases goes beyond 6%.

As previously explained, the elimination of the second term in eqn (12), which rep
resents the effect of rotary inertia does not have a considerable effect on the results. This
phenomenon can be seen from the values of columns 2 and 3 in Tables 2 and 3. Also, as
shown in Fig. 3 the small difference between the frequencies obtained in two cases is quite
negligible.

The distribution of shear and axial stresses through the thickness of the laminates for
several modes was calculated by using the different methods. In all cases the amplitude of
the vibration was taken as Wo = I mm. In FEM and exact solution, however, because the
deflection varies through the thickness, an average value of I mm was used. Figures 4--7
show the results of the calculations for three modes. As shown in these figures, the stresses
obtained by the present method are in very close agreement to the exact values (in most
cases they are practically identical). In general, the accuracy of the results decreases as the
value of mhlL increases. It has been found that HLPT cannot produce accurate results even
for the first mode (mhlL = 0.1). The discrepancy increases rapidly for higher modes and it
becomes quite unacceptable after the third mode (mhlL = 0.3). This fact is shown in the
figures illustrating the results for mode 5 (Figs 4--7).

1.002

3
~ 1.001
3

-Case 1
----Case 2

Case 3
- - Case 4

1082o 4 6
mhiL

Fig. 3. The ratio of frequency obtained with and without considering rotary inertia.
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Fig. 4. Comparison of the stresses obtained by the different methods for laminate case I.
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Fig. 6. Comparison ofthl~ stresses obtained by the different methods for laminate case 3.
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The results of FEM for different mesh schemes are also presented in Figs 4-7. With
the exception of the axial stresses at the interface of two adjacent layers, all other stresses
are the nodal average stresses. At the interface of the two adjacent layers the average nodal
axial stresses would lead to incorrect results and therefore, the element nodal stresses were
considered. The investigation has been done for modes 5, 15 and 27, however, for the sake
of brevity only the results of modes 5 and 15 are presented in these figures.

The results of the three FEM idealizations for case I are presented in Fig. 4. As the
figure shows, the FEM model with coarse mesh cannot predict the stresses accurately. The
discrepancy of the results increases as the mode number increases. The FEM idealization
with scheme 1is incapable of generating reasonable results, even for mode 5. The divergency
from the exact solution increases as higher modes are considered. For mode 27 the maximum
axial stress obtained by FEM using mesh scheme 1 is about one third of the exact value
and the maximum shear stress is about 30% higher than the exact value. By adopting finer
meshes, the results converge to the exact values. Also, as the number of mode increases, a
finer mesh scheme is required. For example, although mesh scheme 2 produces reasonable
results for mode 5, it generates inaccurate results for higher modes (i.e. 15 and 27). The
same behavior holds for mesh scheme 4. This mesh scheme gives a good result for mode
15. However, for mode 27 the predicted maximum axial stress is about 20% less than the
exact value. The results of FEM analysis for laminate cases 2 and 3 are plotted in Figs 5
and 6. The results shows the similar behavior as in laminate case 1. However, the inaccuracy
of shear stresses at the interface of two adjacent layers is much higher than the other places.

The FEM analysis of laminate case 4 has been done only by using mesh scheme 3,
presenting the thickness of each layer by one quadratic element. Because of having 20
layers, it was impractical to use the other mesh schemes for the laminate. The results of
FEM analysis are presented in Fig. 7. The accuracy of the shear stresses and also the axial
stresses in the outer most layer for modes 15 and 27 is not good. The inaccuracy of the
shear stresses at the interface of two adjacent layers is much higher.

SUMMARY AND CONCLUSION

The analytical solution based on through-the-thickness inextensibility of plate, for
static loading was given before (Jalali and Taheri, 1998). The solution has been extended
for treating the transverse vibration of simply-supported cross-ply laminated plates in
cylindrical andlor planar condition. A new procedure was also employed to increase the
capability of the exact solution given by Jones (1970). Laminates with different numbers of
layers (up to 20 layers) were examined. The natural frequencies of several modes as well as
the corresponding stresses were obtained using the proposed method and the exact solution.
Also, the problems were analyzed by the finite element method (FEM) and the higher
order laminated plate theory (HLPT) formulated by Reddy (1989). The comparison of the
results obtained by the different methods concludes the following:

(1) The accuracy of the natural frequencies obtained by the proposed method depends
on the number of layers in the laminate and mode number. For mhlL < 2 the results
obtained for all the cases are practically identical to the exact values. This pattern persisted
for the unidirectional laminate and the laminates consisting of several layers (say 15 and
more), even for mhlL > 2. For the other types oflaminates, discrepancy increases as mhlL
increases.

(2) The effect of rotary inertia is negligible.
(3) The natural frequencies obtained by HLPT are not very accurate, and they depend

on the value of mhlL. The discrepancy of the results of HLPT for all cases goes beyond
6%.

(4) The stresses obtained by the proposed method are very close to the exact values
and in most cases they are practically identical. However, in general, discrepancy increases
by the increase of the mhlL value.

(5) The stresses obtained by HLPT, even for small value ofmhlL (say 0.1) are not very
accurate. The discrepancy increases rapidly for higher modes. The results for millL > 0.3 are
not acceptable.
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(6) The results of FEM converge to the exact values by increasing the mesh density.
However, for a specified mesh density, the accuracy of the result decreases as the mode
number increases. The results of the analysis for mode 27 using 4500 quadratic plane strain
elements modeling a half symmetry of the plate showed considerable frequency for stress
values. In general, the shear stresses at the interface of two adjacent layers have much less
accuracy than those calculated at other locations. Obtaining an accurate results for practical
problems consisting of a large number of layers (more than 50) for higher modes may not
be possible without access to substantial computational power and resources.

Recognizing the problem involved with HLPT and FEM in predicting the stresses
under higher modes, the advantage of present method becomes clear. On the other hand,
the applicability of the exact solution is limited. Even though the procedure employed in
this paper remarkably increases the capability of the exact solution, the procedure uses the
results obtained by the present method as an initial data. The required computation time
for the exact solution is about 16 times more than the present model for only one iteration.
This is due to the fact that there is only one unknown per layer for the present method,
while for the exact solution each layer has four unknowns. Furthermore, for the problems
solved in the present work the minimum number of iterations was about 40.

We believe that the methodology outlined in this paper in conjunction with modal
analysis is an effective and efficient tool in predicting the correct response and stress
distribution of composite laminated plates subjected to transversal dynamic loading. It is
worthwhile mentioning that, as for most analytical solutions, the applicability of the
proposed solution is limited to structures with simple geometry. Nevertheless, the solution
is useful for preliminary investigations and research purposes. It can also be used as a mean
for validating the results obtained by other approximate, yet practical methods. For more
general problems one must resort to elasticity based FEM (as we used in this work) or
FEM based on layerwise laminated theories, such as those proposed by, for example, Reddy
(1989), Basar et al. (1993), and Robbins and Reddy (1993).
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